Non-linear processes within complex systems are difficult to predict. Using Discrete Event Simulation (DES) models can be helpful for presenting the uncertainty level embedded within these processes. However, the interpretations of the resulting outcomes can be challenging to analyze. This is evident when experimenting with simulation models, and therefore requires the adaptation of existing models. Introducing cyclic entities such as interconnected resources to the simulation model adds a new level of complexity to the
model. In practical cases, decision makers often demand a model that enables them to make quick decisions with less complexity involved. However, these individuals still want to be assured of a high degree of accuracy in the results. This article demonstrates how an analytical representation of complex DES models can be developed in order to facilitate prompt yet effective solutions for decision makers. This analytical representation provides a brief overview of the simulation results by using the staff scheduling and nurses' utilization approaches. Results of the effective use of DES model and managers feedback are encouraging.
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Introduction
Healthcare managers are close to accepting and appreciate the value of the application of Discrete Event Simulation (DES) in healthcare planning and management activities. It provides them with a reliable and flexible tool which allows them to forecast demand for services, allocate resources, and analyze and optimize their system parameter settings. Current and past research have also revealed the complexity among interlinked resources and their function in a multiple flows environment [18] . The technique that facilitates the combining of different process flows within one model is known as Multiple Participant Pathway Modeling (MPPM), where both active and passive pathways are described by the nature of the resources applied to them. Those resources which drive system processes are labeled as 'active contributors', and those mainly concerned with receiving the services are described as 'passive practitioner'. Resources remain passive when no active pathway is involved. Employing both active and passive pathways within the same simulation model add a significant degree of complexity to the model. Hence practitioners demand a simpler approach with the aim of deriving some general rules of the thumb to determine if some scenarios appear frequently in their real-world systems. For this reason, this article illustrates how a complex simulation model can be transformed into an analytical representation which can then be applied as a formula in spreadsheet applications. While such analytical representations are subject to certain boundaries and constraints, these are manageable for operational decision makers who need to be able to make quick but correct choices.
Background
The underlying simulation modeling allows the combining of passive patient pathways with the active pathways of staff workflows, and is examined with the use of a theoretical evaluation to highlight the applicability of the concept within the constraints of queuing theory. This article also aims to identify particular regularities and limitations in the MPPM concept as described in Thorwarth [18] by investigating Flexible Resource Allocation (FRA). Research on the implementation of simulation applications tend to focus more on manufacturing and production systems. However, the dynamics of service applications receive less attention. While the flexible workload concept is often described as multitasking, it should not be mistaken with the normal use of the term which means more than one task to be undertaken at the same time in parallel. In this context, flexible workload describes a worker dealing with several different tasks sequentially, in a flexible manner, within a given time frame. This phenomenon can be observed in hospital emergency departments (ED), where medical staff members deal with various patients, probably involving various treatments, within the same time frame. In general, flexible workload environments appear complex and highly dynamic to the observer. This article aims (1) to understand the complexity of the flexible workload within the process chain in ED, and (2) to develop an analytical representation that can help managers to allocate staff to meet patient demand. The analytical representation illustrates the flexible utilization of staff members depending on hourly patient arrival numbers. Furthermore, it allows for the adjustment of the number of processes within the process chain, which makes it attractive for healthcare managers who face changing process settings within their departments. While it cannot substitute for a thorough simulation analysis of the department's activities, an analytical representation is an abstract approach that managers can use as a quick operational guide to help with resource and staff allocation decisions.
Literature Review
Healthcare systems are human-based systems that involve multiple stakeholders interacting with each other in complex ways. Due to the stochastic nature of healthcare systems and the complex dynamics and interactions of their inputs, activities and outputs, healthcare providers need tools that enable them to understand this complexity and in this way enhance their system performance. DES is a useful tool for assisting healthcare managers in making their decisions [10] . A simulation can map patient flows, routing layouts, staffing, procedures, and equipment allocations so that optimal departmental control strategies may be developed. DES has been proven to be an effective tool for process modeling and improvement of healthcare applications [6] . Healthcare managers can use DES models to assess the current performance of systems, predict the impact of operational changes, and examine the trade-offs among system variables [20] . DES was also used in many applications in the healthcare context, for example:
to map patient flows, and identify bottlenecks in the provision of acute care beds and rehabilitation services in the provision of care for elderly patients in Ireland [15] ; -potential service improvement through possible reorganization of existing resources [17] ; -resource planning and assessing the risks of staff shortages [9] ; -planning the geographical locations of new healthcare facilities while taking into account population demographics and the locations of (potential) patients who will need to use the services [5] .
In EDs, DES is utilized to address problems such as staff scheduling under uncertainty, and planning new EDs [1] .
Research has reported some drawbacks in the use of simulation modeling in general. This includes that it can be time consuming due to multiple simulation runs for statistically valid results [2, 14] . Moreover, expertise is required to develop and run simulation models which discourages healthcare managers from using it [12, 13] .
One common objective of simulation models is to help users to gain a better understanding of the relationships between the input and output variables of real-world systems. With a simple, analytical approach such as an auxiliary tool the simulation model has advantages in providing a better understanding of complex systems and guiding ad hoc decision making, as well as providing a framework for testing alternatives and optimizations [3] . Understanding, however, is a broad term and describes an abstract learning effect by the applicant of the simulation model. In order to be more precise about the learning process and the level of understanding, this articles provides an analytical representation which describes the system under investigation by using DES. The authors of this paper have, to the best of their knowledge, not retrieved similar descriptions of the system. Common objective of simulation models is to help users to gain a better understanding of the relations between the input and output variables of real systems. Analytical representations of simulation models can be effective tool in explaining and interpreting complex detailed systems. Although simulation models are considered as simplifications of the real world, gaining understanding of how inputs are related to outputs can still be very difficult, so providing a simple, analytical model as an auxiliary tool the simulation model has advantages in delivering better understandings of complex systems and guiding ad hoc decisions, and also providing a framework for testing alternatives and optimizations [3] . 
Description of the Underlying Simulation Model
A detailed simulation modeling for an ED was developed with the objective of analyzing resources and patient flow. The ED is located in a university hospital that serves approximately 50,000 patients annually. EDs in Ireland provide a wide range of care services and consequently face high levels of demand which result in emergency patients having to stay in EDs for significant periods of time [7] . Accordingly, ED managers struggle to find solutions for bottlenecks and to optimize their patient flows. Figure 1 depicts a flowchart to illustrate the complexity of the ED processes. The flow chart displays units (blue boxes) through which patients travel. Beside the units are yellow labels that indicate the patient class and, accordingly, its severity level (indicated in brackets). The letter shows the subsequent unit (A to U). The flowchart therefore indicates the ED layout and treatment zones. The ED has three central units: the chest pain unit (Z1), the general unit (Z2), and the minor injuries unit (Z3). The minor injuries unit Z3 (in red and labeled F in the figure 1) is the ED's most frequently visited unit, and primarily treats trauma patients as well as those with general complaints of minor severity. A patient entering this unit follows a linearly assigned process chain of treatments and activities. The analytical representation which is developed here focuses on the process chain of trauma patients, but a similar representation could also be applied to the other two central units (Z1 and Z2). The aim of this article is to develop an analytical representation that examines and describes the mechanisms of flexible resource allocation in the ED.
Most of the staff within the ED are dedicated to its tasks and units. However, some of the staff, especially nurses, are qualified for more than just one unit and therefore their allocation is flexible. In addition, there are nurses that can come in on call whenever the demand is high. Flexible allocation in combination with nurses that can come in on demand is referred as staff pooling and proves to be a necessary tool to meet peaks in patient demands.
The ED can be characterized as a set of several integrated and connected processes. The focus of this study is on the staff who alternate between various tasks in this highly dynamic environment. The nurses' work can be best described as a spontaneous allocation of their work to wherever it is needed most. They complain about the high workload and stress level caused by this practice which they refer to as 'multitasking'. Some nurses are qualified to work on all tasks, so they can be used to back up staff in other units where the workload is higher than planned or expected. This poolin is one of the reasons why this analytical representation is a helpful tool for the ED manager: s/he can use it to decide quickly whether a nurse has to be taken out of the pool or not. Nurses are the ED's only pooled staff resource addressed in this article because they are the primary focus of the study.
The simulation model is derived from descriptions and observation. This alternating of staff between different tasks within the process chain can be modeled using DES because of the flexibility and robustness of the approach. However, an algebraic expression needs to be identified which can represent the mechanism of flexible work allocation. Deriving this algebraic expression is thus the first step in the optimization process which aims to achieve the optimum balance between staffing levels and service quality.
The following section demonstrates the comprehensive application of a simulation that analyzes the complex dynamic environment of the uncertain sys-tem being investigated. Moreover, it describes the relationship between various entities within the system. This analytical model provides a better understanding of the system, supports the optimization process and provides healthcare decision makers with a formula that can be used to calculate staff utilization and indicate the threshold numbers of staff required to deliver quality service.
Flexible Workload Model
To derive an analytical representation of a process chain including the required FRA, staff utilization is used as the key indicator for demonstrating the impact of uncertain patient arrivals, resources (mainly beds, cubicles and instruments) and staff availability within the process chain. The description of the utilization ρ depends on the patients' inter-arrival time T and the number of available staff n is based on the model (Figure 2 ). This process chain is a one dimensional representation of m i sequential process elements that are completed by n personnel, who are allocated from the staff pool. Personnel circulate throughout the process chain and are allocated to the process task where their presence is required -similar to a pull system. The parameter M is the number of tasks within the process chain which can only be finalized by an appropriately trained staff member who can complete the process and release the patient to the next process stage: so patient must wait until a nurse with the relevant seniority and experience is available. A higher logic level (which is also built into the simulation model) assigns greatest priority to the patients who are furthest along in the process chain in order to counter unwanted blockages. However, queues between the processes act as buffers which can also be investigated.
The following example explains the ED's flexible workload allocation, the patient arrival rate, is set to λ. Patients register and wait in the waiting room while the first treatment process is occupied. Once it is free the patient enters the treatment chain at process m 1 , which contains M tasks. In the example shown in Table 1 , M = 6, and the assigned nurse carries out the following tasks sequentially: triage; placing patient in a cubicle; taking samples as requested by the examiner; preparation for diagnosis; caring for patients' needs; and making arrangements for onward referral. In this context, the examiner is resource bound to this specific process element.
Design of the Analytical Representation
To design a effective analytical representation, the fundamental principles and mechanisms of the developed simulation model have to be analyzed. A detailed description of the full simulation model can be found in Thorwarth [18] .The Arrange diagnosis (x-ray, ultra sound, ct, etc.) 5
Pay attention to patient needs 6
Make arrangements for referral focus of this study is on describing the derivation of the analytical representation from the simulation model.
Simulation Results
The analytical representation is derived from various repetitive simulation runs (Figure 3 ). Poisson distribution is used for patient arrivals times (taken from the hospital records) in the simulation model. A warm-up period to balance the queues of the simulation model has been implemented for the overall measurements. The process service times are assumed equal and normally distributed. The overall utilization of each process chain ρ(n, T ) element depends on the available number of staff n and the utilization of the element itself ρ s (n) where the patient is treated by the staff member, here referred as utilization activity ρ a (n, T ).
-INSERT FORMULA HERE
The patients' inter-arrival times T is the reciprocal of the arrival rate λ and assumed to be stationary Poisson distributed in order to analyze and understand the core system behavior of the simulated ED model. In practice, the arrival rates are variant distributed processes, but in order to provide a tool for adjusting staffing levels in the ED, the focus is here is on the system behavior itself. Figure 3 indicates several trends within the results plane, such as linear areas, a plateau and a hyperbola area, which reveal that several regularities are involved within the simulation model. These regularities can be used to derive an analytical representation. The overall utilization of the process chain is subdivided into its components (utilization of medical staff and activities). Fig. 4 The simulation result (dotted line) and the estimated calculated model (solid line) for the overall utilisation ρ(n) for a specific arrival timeslot t in dependence of the available staff n.
Analytical Model
DES is a practical platform to facilitate the illustration of processes in light of queuing theory. Law and Kelton [11] provide a comprehensive description of a DES application for queuing theory where the models investigated are usually described as being composed of tandem queues. The output of one stage affects the input of the next stage [4] . In the ED model studied in this article, the influences of the available staff n and the number of tasks M are investigated in relationship to patient inter-arrival times. In order to derive a function that can describe this flexible workload environment, the components of each result that are observable in the simulation results plane were investigated and interpreted separately, with the main focus on the number of staff available at a certain arrival time slot t (Figure 4 ). For that reason figure 4 is cut along the time axis at a specific time which is referred to here as the time slot .
Simulation results for a specific inter-arrival time slot t are shown by the blue dash-dotted line, and although statistical randomness causes some deviations, an overall trend can be clearly observed. In order to describe the trend, the components of the overall utilization should be examined. The overall utilization ρ(n) is a combination of the utilization of staff ρ n (n) and the utilization of tasks expressed as activities ρ a (n), and is thus a combined process which depends on the staff member participating in the activity. is valid for 1 T ≤ µ. If utilization is not smaller than 1, an unstable condition, which results in longer queues, occurs [11] . The term n M ≤ λ µ limits the utilization of activity to the ratio of arrival rate to service time when there are more staff available than there are numbers of processes. The upper part of equation 1 describes the situation of understaffing; the lower part illustrates overstaffing (i.e. where the activities are at least adequately staffed) which depends on the arrival rate to service time ratio.
The utilization of staff ρ s (n) is the next component which is included in the overall utilization of the flexible workload environment ρ(n). Figure 4 , which is obtained directly from the simulation, measures the utilization of staff who are busy with patients, i.e. those who are not waiting in the staff pool to be n 0 1
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Utilization of staff [ assigned to patients/tasks. Figure 6 demonstrates that the utilization of staff is independent of patient arrival rate 1 T and service time µ, and that the simulation result (blue dashdotted line) is equivalent to the estimated staff utilization as calculated in the simulation (solid line). It also shows that, in understaffing conditions (i.e., n < M ), staff utilization is equal to 1 -indicating that the staff are fully occupied by high workloads. When staff numbers are equal to the number of tasks (n = M ), their work is not interrupted and they do not need to alternate between tasks. When the process chain is overstaffed (n ≥ M + 1), every additional staff member decreases the overall workload. This relationship can be summarized as:
Equation 2 is valid for all 1 T because staff utilization is obtained directly from the simulation model results. This equation is represented by the black line as displayed in Figure 5 which is equivalent to the trend observed. Having derived the mathematical expressions for both components (utilization of activity in equation 1 and utilization of staff in equation 2), the overall resulting (Figure 3) , it becomes obvious that the differences are due to the variability caused by random arrival rates and service rates triggered by the distribution. The variation however is relatively low because the results are calculated with an average of 1000 simulation runs. The utilization plot of the calculated model contains no 'fuzziness' because arrival and service times are constant. However, these can be integrated by incorporating the corresponding statistical distributions for arrival rates λ and service times µ into equation 1. The statistical comparison of the calculated spreadsheet model with the simulation results delivers a positive correlation of 99.91% for the whole model.
Interpretation of the Analytical Representation
A pattern can thus be discerned -as described in Equation 3 -although minor variations exist due to the variance of patient arrival times and service time which is factored into equation 1. The outcomes of equation 3 show similarities to the initial measurements (Figure 3) , where the hyperbola axis are defined by the inter-arrival times T and numbers of available staff n ( Figure 6 ). The plateau (Figure 7 ) marks the area where ρ(n, T ) = 1 under the condition that the inter-arrival time is set to T ≤ µ and the number of available staff is less or equal to the number of tasks (n < M ). The slope on the left side of the plateau (n < M ) marks the area where the system tends to become unstable. The two graphs show that high utilization conditions are likely to occur when the available staff number n is less or equal to the number of tasks M , and the arrival time is less than the service time. To avoid excessiv utilization of resources, the service time should either be less than the patient arrival time or surplus staff should be employed. As patient arrival times cannot normally be influenced by healthcare management, it is important to employ staff as the strategic variable.
Analysis of the Analytical Representation
Equation 3 represents the utilization of staff working in flexible workload environments such as an ED. It identifies the area of high utilization where ρ(n, T ) = 1 (as shown in Figure 7) which is a critical area where the system tends to become unstable, so that long queues are likely to develop. High utilization is also considered to be associated with an increased error rate which obviously should be prevented in critical environments such as healthcare [16, 19] . The example shown in Figure 8 illustrates how the proposed model is used to avoid severe understaffing conditions, and explains how the optimum number of staff is determined in order to achieve the desired utilization level while taking the uncertainty of the patient arrival rate λ into account. Assuming the number of tasks within a process chain is M = 5 and the inter-arrival time is set to T = 1.1h, real life observations show that the error rate in this model increases dramatically as the overall utilization level approaches 85%. For this reason the function should not exceed this utilization level, which results in a staffing level of n ≥ 6 in Figure 8 .
It is worth noting that the system can certainly be maintained with fewer numbers of staff than tasks available but this setting is limited to patient inter-arrival times being lower than service times (T ≤ µ). Otherwise, queues build up between the processes. In our analytical representation we assume a constant flow of patients with queues (if any) being at least constant. Since this condition is impossible to control, optimizing staff numbers is required to avoid long and increasing waiting times due to the build up of queues. The 
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Resulting utilization [ρ] Resulting overall utilization ρ (n) = ρ a (n) * ρ s (n)
M = 5
Critical number of staffing n c = 6
Utilization limit = 0.85 Fig. 8 An example of determining the critical number of staff nc for M = 5 processes with a utilization limit of ρ = 85%. example in Figure 8 illustrates the guidance which the analytical representation can provide decision makers who attempt to deal with workloads that will lead to unstable queues if not adjusted properly. Patient arrival times are described as a Poisson distribution [8] . Healthcare managers can use the simulation model to examine the impact of changed inter-arrival times and other sources of variability to employ the right number of staff in the pool to achieve the desired overall staff utilization level. The analytical representation proposed here considers one type of skill set (i.e. nurses) -but, of course, in real life, a skill set mix (i.e. of doctors, consultants, administrative personnel) is involved in completing patients' care pathways [6] .
Another important issue that should be taken into account is the fact that service times in process chains differ according to the nature of the tasks involved. In this process chain case (as shown in Figure 2 ), it is obvious that the service time of the longest task is likely to delay all the other processes, and becomes a bottleneck of which internal queues build up. Where the limitations of the analytical representation are too dominant for it to give useful guidance, decision makers will need to consult the original simulation model which considers multiple staff types and various process times. Although the analytical representation proposed here has these two limitations, it can still make the system's operating conditions more transparent for decision makers. This may result in a better understanding of the mechanisms operating in such flexible workload environments where high quality is crucial and expected. Furthermore, this analytical representation can help managers to make more accurate decisions on the staff numbers required to maintain service levels and avoid unstable conditions.
Conclusion
Identifying the correct resources of a process leads naturally to efficiency and quality in performance. Emergency Departments in hospitals often suffer from uncertain demands which require agile planning and reaction in order to ensure service quality. Cost implications are a source of pressure on managers of EDs with limited options forextra resources. On the other hand, an understaffed ED can result in seriously undesirable consequences such as high patient mortalityrates, stress and burnout among healthcare personnel, higher absenteeism rates among staff, lower work morale, and declining patient experiences. A stochastically uncertain queuing system such as in EDs may result in medical staff being excessively utilized and a significant increase in waiting times. Reports reveal higher mortality rates during high staff utilization periods and longer waiting times [16, 19] .
A Discrete Event Simulation model was used to capture the dynamic nature of the process and understand the embedded variability within the ED in a leading university hospital in Dublin. This simulation model allowed managers to examine the dependency of staff utilization in the ED's three core units upon staff numbers and patient arrival times. An analytical representation was then integrated to address the staff utilization issue with a particular focus on nurses. The analytical representation developed reveals the burnout factor of nurses due to overutilization. Furthermore, it includes work with the simulation model to best schedule the staff according to a flexible workload.
The key findings highlighted that the longest service time within the ED process chain should not exceed the patient arrival times and also staffing levels must not be lower than (or equal to) the numbers of discrete tasks within a process chain. If these two conditions are not met, the system will tend to be unstable, resulting in longer queues and high staff utilization (i.e. burnout), and hence a decline in service quality. These findings are expressed with a graph (Figure 7) , generated with a spreadsheet calculation with consideration to patient arrival times and staff availability. The balance between resourcesmainly nurses in our example -and patient demand is crucial to maintaining satisfactory service quality and avoiding staff over-utilization. The proposed analytical representation helps decision makers and their feedback, after using the model, was highly positive.
